
 

1 Energy

Note that in most studies of thot curve ie Ej LM T

the target space is an almost a x mfd

Quentin If the target is more specified to be a symplectic

mfd M w what more information can we get

Thismakes sense bl t symp structure w an M I a contractible

set of almost apx strs ay ay so weget M W J

Moreover wt It defines a metric denotedby9

ByExzinttwlfor any J hot came 4 Ej M w one candefine

Elu Squaw

when I is closed E u Ew Cute which means

in this case Elu is a toplogical quantity

One uses an w compatible a c s J to write Ecu more explicitly

In any local coordinate chart on Ej choose a basis12s
2 1 s t

j2s It and j at 2 a metric h on E St 12s 2 is an orehommel

basis Then

w du 2s du 27 W du ja du at
b c u is

W GJdaUH du H
T W W CE JE 12713



Elu is alway um negative

and Elul to if u is constant in each commentedcomponent

Amelon case where energyappears HamFlier them Mw.FI jff
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Oneoftendefines the energyof u satisfying Y S p get
givenbyH

Elul IS S 441 t It Xalactil diet

Ttm Elul co I closed Hamiltonianorbits X of system
M W J H sit giggles t X'Ct

We will prove
this later in this lecture

EI One extreme case of u is constant loop i.e 27 0

if I J
M US H Us

e Xlt is a closedHamorbit

Of X X KH

In this case Elu 0 hf Elul S S I lgjd.at

Ex In general for Ela so we have

Ari x A x f E
actionfactionalThisservesas

onemotivation
todefineElulinthewayabove



Ey Theother extreme case of u is a flowlone ie Ast R

U Sgt s M is constant

x

us tt

xt

ULS t 5 closed Hamiltonianorbit butas a fixedptof
the Hamiltonian flow Ertltacos

In this case Elul is wt nee cow

For symplectization SX Ix X d era whereXbakers
is a contactmfd We will choose a specific family of a c s J
Then Utring IRxs S X defined by

is
ram

Utrinal sat TS T Tt

where 8 t is a fixed closeReeborbit with period T on X f Kera

One can check that Utica is a J bul came

If one uses the classical defofenergy

Sjw SeasUtina d lek T f eds to

This indicates that this is not a gooddefinition in thissetting

correcting by Hofer considerfunction e R H it s t

Thereare Pcu o 6 o and UCH It as toto
ways



Then one cancheck for d elk we

Ep u SasUInwawe e e 1 T c o

Rink One can even consider similar fun 6 R L E E So that
a trivial cylinder hasarbitrarily small energy

2 Stable Hamiltonian structure

Dif Man odd din't mfd A that on M is a

closed2 form W St w 0 ie Op EM I basicelementVi YET M
A

Canz formLonMat dintan I
sit I i Vana O

Note that by dimension reason W is always degenerate in the sense

that I un trival ter denotedby f twhichdefies a line field on M

Defland A Hamiltonian Str w a tint is calledframedby
1 form der M if I f 0 A framed Ham str on Man l

is a pair wid

Note that I frames w iff in wht so in particular a lame

form on Mnt Kc dawn 5 Van Voray 1151145km
by reordering the basiselement lui s Van z above

Raf Exe ByPOU forany fixed Hamstr w framing I also exist



Rink Theorigin of Ham str on Net For a syrupmfd X w

and a hypersurface M Is X W the restriction it w define

a than atr by Ms admit a line fieldhasKendig
Since Tw is
degenerate

anyintegral awe
of f can beidentified
as a closedHamorbit

1 of H s t Ma tidal
a levelset

In M was one can define Reeb v f Rewa by

X Remi I and Rew W 0

TpMa Kenap to Ray p
I Rt'd liesin her w

and

f e f Rey for some positivefor f Moira
h X f f X Ray f o bydef

Ex Mm Kera contact afd

Then W X do x is a framed Ham str ar Nt 1

Ex For Him is we have
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So pity presenes w

Studies on closedReeborbitsif
M win setting

is similar to

those in contact utd

One can ask the same question about the existence of
closed Reeb orbit of a framed Ham str of Weinsteinconjecture

Then HatchingTaubes09 Fa Ms Lw 11 if wid is stableclosed

then if M is not a T bundle over S then I at least one

closed Reeb orbit

trial

Ex XT Yupterticutd ConsiderfiberbundleM xx s Iss

For do cloud I form on s define

I T do and W IT when Tix Xxs X

Then w it closed and w to by one can choosebasilist X part

Moreover In w Hadar TT he er er

do f a level o
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Thi example extend in this way consider a symplectomophism

4 X W 8 then

Yy haltedmappingtons
of y m X W

R Fa
Pictorially

at can

Then
again define a do and we too then ten is aframedHamiltonstemYy

Also one can check that the Reeb v f of wed is R Fa

I closedReeborbits
of wat m y f

fixed pt of
pgon Xin

Rand fixedpts better to be pendants cof periodK

pka egg Jex
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