
e.g For D a vectorfield on M Wally Iha finish
a curve 2 C Est M s t 810 E D 8101 Dept and114
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Tim emb abatd

eg More fundamental thane.g
above

Given D an M satisfying Up
I am Immersed p NIM

St QxGldty D byÉefofimmersionwe knew Tan Dhp

This immersed subufd Ny may vary along pen

Here is an insightful observation forany X Y E D ie X y Yip ED pl

then for Epl ED y É Icq e T N Similarlyfor Ye Tig

In other words I V f s I T on NS.t Xx X X and G Y Y

Then recall Y I I 4 5,4 7 X Y E D

ITNFoissmbracketonN PoissonbraketonM



In short IfDksatisfies auditing that X YeDk
X Y t DK

Ape M I NBA U of p in M and K pointwise Greely

independent v f s Xi XK on U s t Xi X E D ly

since Tulu Ux tedium

I is computed rally and it is
bi linear

pk
e.g In IR consider distribution spanned by E

Then obviously at every ftp.fxy xu consider IR EIR

an embedded submfd with Y inclusion Xi Xo Xi xis o o

Then Yelp Tp IR Drip

The contrapositiveof e.g beef is more useful



7 X Y t Dk at XY DK Dkdoes not satisfy

eg In IR consider D Span

EYE Eg then

X Y D Y Dex DY Dyk D Y Dy x

o o 1 E D

I pt pen it no immersed suburfd Y N M passes through

point p sit Tea Dip Uuestmtehec.la canyonfigure
for those Pe im141 cut whish p t p this is

Ruf A more efficient way to express Tain and DK is to assume

N E M immersed suburfd Then t PEN CM im Ilp T N T M Dsp

p t M



Eg Such N in Rink above can be immersed but not embedded

wich irrational
I immersed suburfd

It but it is dense
curve on t
so not embedded

Ruf related t above

R D span ExEy at

4

PER

Note that Tet z
Z ee

IR 2 planes i iz 1
Idf

x IRIA E D e

this structure i called a
t

72
foliationof 123



The Frobenius integrabilitythan
M D

Open I Ncatileitten
Sit TxN C D y then

Y Dk we have

Teale
in short integuble involutive

Here is anther way to express Than IRAs above via differential

forms Hence we need to know how to transfer Dk to forms
for Iepedimal

Def Given M D na p form
at RM annihilates D if

x Xi Xp 0 for any Xi Xp E D

FIRM
I DK I 2 2 t tadimm I xp annihilates Dk

ESELMI



obata
I DK is an ideal under the multiplication wedge a

flap Xi i Xp Xpt X
ptg E Lp I o

Eam by deff xp

Def of Dk I Xdimm Xdimme Dt linearly independent forany
mbH Uof

X EM Then locally around
each pt x em

one extends

lkggfdimm r.EE Yanm

linearly independent
over U

Thenthere duals as i forms

I 4 r diam k KlimM ins Odium form a basisof La

where 121 2diam k are linearly independent and generate an idea It



in Tcu

if d f ILD then a a
c Itu If it

Indeed for brevity if 14 2dam 42 4 as

then 2
u f 2 tf dat fast findin a fishing fastanas

Tfios and 14
4 14,1 0 f 0 so Yue Itu

Pry DK i imolutive if ICD satisfies d ICD CI DK

i I
Dk i integrable e ILD is a different idea

ByFrobenius

integrabilitythan

Eg Recall D span E YE Ey in R then compute ICD



X 1 O Y X 0 1,0 spam D
4

extend X 0,0 1 X 40 Y X o to basis

E a dz ydx 22 dx 43 dy duel basis

ILD is the ideal generated by a dz ydx

Let verify 143 is a differential ideal or not

da d lolz ydx dyndx dandy an D Impossible

Therefore D2 is not integrable b c damp dad
1ps

Rule If ILD 42 is a differential ideal then dana Eo

Rent For a 3din utd M any 1 for a s t

daffycalledafar then x is called a contactiform
so dana is a volumeform won integrable



Kera is not integrable called a contactstructure

Pff prop For Le I DK and ted m ther

d x Xo Xi i Xp Gil Xia Xo Fi I ok a e Idly

Eg 4 alexi x Xo Fi i iXj iXp

IDK b c D is involative

do Xo Xp 0

E for X Y c Dt at every fixed pt et M nearly we have a

duel basis

affright
Nam ta canal

Extend Li's by sew so these l forms are defnot over M The

Li xY X Li HI Ya X dai X Y LifeY o

ICD byassumption



Since this hold for any ai for if i e diam k we know

XY e DK
D

For the proof of Frobenius integrabilitythan see Lundell's paper

A short proof of the Frobenius Thin 1992 pans 2.5pages

3 Sand's Than

Recall F N M smirch map has its derivative a p classified

as the filming
two case

y
taigitondition

dflp TpN Trip M rank deep a dim M
it cont trak

that

then p is called a regular pt and Fcp EM is called a regional

dflp T N Trip M rank deep C dim M

then p is called a critical pt and fat em is called a outdate



Rink Any x4 Imf is also called a regular value

A Morse

The MorseSand For smirch F N M the set of certicaluates
has

http T k oned by balls with arbitrary small tot Y'Yam

Rule If F is not smirch sayonly continuous then 7 space filling
come p IR t oil that has positive measure see Peano's cure

Ruf Consider constant map F N sit EM The the set

ofcriticalpoints could have large measure

Put For such F N TM the set of critical value and be dense

but measure o e.g Q C IR

eg list rational number by ri ri



Then fix f IR IR in the shape of
fin I

fi o O

III sa
f at t.tl

Then consider F IR IR by Fox Eri fix i
ie in Thisfan

makes sense

ÉÉ

Then F x 0 many points but FCentralpts n h day

Rink Sand'sThin can be generalized by a ly din't care

Recall a set A in a topolyal space is called residual if
it is an intersectionof countablymany denseopensubset



d g.IR Q is residual but Q is not residual

Then Smale 1964 If F M N smackway then the set of
smooch version holy diary
regular calves is a residual set in N

In math one say
the property holds generically meaning that

the objects that satisfy this property form a residual set

I MTN then point in N is a regular value generally

A direct cor of Sand's Thur if F N M and dim N c din M

then measure of FLN is Zero in M

PI If measure of Fen is not zero then I must contain at

least one regular value re FLN By pre imageProp coming from

constant rankthen the pre image F r is a suburfd of dim N deism



Therefore we have seen that one application of Sand's then is to guarantee
the existence of at least one regular value

Here in another application

F N M smirch and Propes
Tentable connect what bed

and dim N dim ME noo

Recall degreeof F is defined by fixing any he HE M k and

deg f In Fogt
well defined bl Fis paper

Recall if F is at surjective then deg o

Assume F is senje tive and then Sand's thin
I at least one

regular value p e Iml F

F sp is at sabufdofdegreedimN dinar o



F lips 19 gu finitelymany pts

Moreover choose a sufficiently small dB H U of p

ft u U W W Un where Ui is a NBAof q

I
M

and Flu Ui Itu each i associate ri a

depending whether F presenceorientation
or out

Then claim deg F IE ti



A f Then Sta Es Su Fable
e A

2 a

It Sus E TiOE ri ul and G l

of F G e z Z Consider any regular value say 1

if

i

I

digit I
IET K

Here is the third application

For F N M if ge N is a critical pt i.e d fig is not



full rank then we usually don't know how bad it could

be

e g F IR IR

F x y
x y Ex ax ay

cut point is only 10,0

Fix y Xy Ex E 2x y axy
o o is a critical pt andthere are more

These two cases are fundamentally different

Consider Zf R R by xx mo 441 Ey

Then x y is a critical point of f if elf x y au

and dat is just the Hessian of f



drift too E umdeg matrix

d if com 88 deg matrix
criticalp t

In the first case 24 is locally a differof NBAof
costs

to

the o.o E IR
e around Cao the Pt

In the send case it is not no is the onlycriticalpot
of function fo R IR

Dy Let F M R be a swath for A critical pt p e M is

wonted if locally y
p is a non deg matrix MMorse

If all critical pts of F an un deg then Fi called a
Mate for

R If F U cry IR is a smooch for then for a generic
8 la an E IR the function

f a x f x ai x aux

is Morse



I still use act U in

x Hi xo E H ExHi

Then dfa x HIM 2
x

x tan Etna tan 24 x at

Then x is a critical pt of for if af x at
generically
exists

For merch map 241 take a regular value to in then

bydef deff k Hess f at Hess fo x is noneleg for

any x it 241 x a

x I
2414 a x is a cut ptof fo

Hess fo x um deg x is a mu deg cent pt

for is More



Rink Generically any
smooth for is Mose

Ref D Proofof Sand's thin see


