
 
EXI.li
们

For Gl In F F IR on C.SLln.FI is closed subgroup
of GLIn.F so it is Lie subgroups of GLCn.FI
Let sl In.F be the subspace of glcn.FIs.t.slln.FIAEglln.FI traee A 03

ForB.CEslln.F trITB.CJ tr BCCB 0

TB.CIgem.F slln.FI
slln.FI 让 a Lie subalgebra

The map X1 eX gives a diffeomorphism
Toend the proof note that

AEglln.FI exPgecn.F tA ESLln.F VtER
slln.F7

Indeed ett E SLn.F detletA 1 t

trltA 0 t

tr A 0

iii iv

0in I Un is closed subgroup of GLln.IR GLln.cl
thus Lie subgaoup As Lie subalgebra
goin AEglln.IR 1 exp tA EOcm t ER了

CXP ItA E Oln etAletAI I
t I It tA 主EAT It tAT It AT

I t A AT ⽴El A 2AAT AT
Each coefficient in this series must vanish except I
AtAT 0

So
goin O n AEglln.IR 1AT A 03



Similar case for
guns u n AEglln.CI A A 03

V

9spizn 9AEgllzn1R1expltA ESplzn tER了

etA JetA J
JetAT ētAJ

⼆ J Itt AT IEAT I t At it A2 J
J ni AT 1 ntA J ⼥

In particular JAT AJ 0

We peroue 化 is equivalent to ⼥

JAT ⼀ A J AT 1A J AT 1 1 AnJ
So

9spizn sp zn AEglczn.IR 1 AJ JAT⼆ 0了
Aegllzn.IR 1 ATJt JA 03

Ex2
10 From 和 s theorem
Every finite dimensional neal Lie algebra is isomorphic to
a subalgebeeaufglln.IR Every finite dimensionalcomplex
Lie algebra is isomorphic to a complex subalgebra of
glLn.C
So we can assume g is a matrix Lie algebra

2 We can choose a neighborhood Uo of O Eg on which
exp is a local diffeomorphism and exp is well defined
on exp Uo Let U be an open ball in g s.t

lexpuilexpu E expUo



1 1 1
X.Yell rcts etX etY t can be choosed in

a nghd of 0 17 ret E exp U
Z t E Uo st exp Z t exp tX exp tY

Wehave

f exp Z ti XexpZctl

explZltDY.laIf Xlt is a smooth matrix valued function then

ǎexpcxtl explxlty1
I aP adxctdadx t

expladxt1 I y exp X tiadXlt
From a

expladzet1 I de exp Zltl Xexp ZctntexplEctDYadZlt
Z t Ello exp is a local diffeomorphism neaaZlt7

expcadzctzlIadz.it is an invertible map on

g.ltexpdeii II.lt exp Z t lYexpizctl

lexpc9ti Il'lX Ad eZ Y

expcǚn I
X Adcē AdetYㄚ

expǎti_I I Xt exp tadX expltadiii Y

expc9dtti II.lt texpltadX Y



For A adZlt

A log1Itlexp A I In eA_I

adzct
expcadzct I 点 吢 expltadxexpltadY I

t ⼆ 点 吢 expltadxexpltadY I Xt exp tadX Y

⼆点吢 ii iii ladxiadY⻔ x⼗点 iadxiyi
器 吢i.ynniij.it ii⾼i taxi in lxi.in

xjtji.niij.ttiiiiji'iin ilxi in lxiiyiiix的 y

using the notation that

Xn XsX2 X Xn Xs IX2Xi了

xi xi⻔ IXnn.tl 以⼀⼀
了

Thus we have proved
exp X expLY exp Z

Z ⼆点 吢蝱 li.tj.t.itintjniii.j.i.inju IX Y x Y

In particular

exp X exp Y exp X Y 主 IX Y T IX TXYJ
后 Y TX.Y



3 Now font small enough

exp tX exp til exp t X exp ltY

expl tx tYttxttYtitiIX.YJ.EE X⻔ ⼀坒Y.X
亡七

2 X.Y 0 七3

⼆ exp t X.Y O t3

4 Proof of a

ǎexpcxtl explxlty1
I aP adxctdadx t

expladxit1 I y exp X tiadxltl
Define

41st expl sXlt 孨 exp SXt

410 t 0 411 t 16 8s 41st ds

了Yes七

⼆ Xlt exp SXlt 录exp s Xt
exp sXlt 录 Xlt exp SXt

exp SXlt Xlt录exp sXt texp SX t 在Xlt exp sXcti

exp sxctl Xlt录exp sXlt

exp SXt 灵Xltexp sXcti

Ad exp sxcti 孨X t exp sadXlt 孨Xlt



4 1 t fòexp sadXlt 录Xlt ds

lion ladXlt 孨Xlt ds

⼀点 定 ladxit 录 xt

I exptadXltdadXlt

To show the second part note that
Lexpcxctn Rexpcxctp Adexp Xlt

Rexpcxct 0 exp ad Xltl

Another Proof for
expItXexpLtY exp t X Y it X⻔ 0 t3

wuteexpi品 㖌̀器筑 0in
Ǐ Zi core the corresponding left innaeriantrecto.eefields
Wehave Taylor's Theorem
Fou XEg x ̅ the corresponding left innaeriantrecto.ee
field f a C function on G

X f gexp tx qnlflgexpltxlll.geG

flexplZl.tl

É kilt Zi t2Er 0t3 Kfce 0 t3

f e t Zf e t IE 2 Ez f e 0 B



flexpctXexpIsYi

ÈkiskYkflexpltx Oels3

⼆ Ě Ěkieisktxe̅ǐkfle Oecs3 0it3

fexpZLtl
flexplexexp tYi
f e t x ̅ Y f e t2 主x2̅ xY̅ 主Y f le 0 t

This holds for fg fg x figx

Z x ̅ ㄚ i E2 Zi ⼆ 主义 ǐǐtiī
Zi X Y Z2 ÌEXYJ

Ex六
1

i If A E Mu IR is diagonaligable that is

PAP P n
Ao PEGLln.IR

eA Id At IA
Id PA P 主 PAop Ft
P Id Ao 当Aǒt p
Pettopi

detle't det eA 茁 e e
点⼏之

⼆ et A etrA



ii If A E MnlR 的 nilpotent that is

PAP ǒ A

e⽔ Id Ao ⽴A 16 ǐ
et Petp
det eA 1 e etrA

iii A E Mu R N nilpotent S diagonaligable

告 息 ness2NS.SN.deteA
det eN det e etr etus
eTINTS et A

12 If eA 2 B

B Idt At 主A2
BA⼆ AB A

qi 器

229in ǎii 器
an.az

A
19 ǎnl e ǒ in i
an.az z IR



Ex4
R X.Y Z.W gIRLX.DZ W

II RU YZ.W RIY Z.X.W R Z.X.Y.W
O.LetSbe the operator

ST X.Y.Z T X.Y Z T Y Z X T Z.X.Y
SRLX.YJZ SCRTYZ T.MX Z TEXYJZ

S D T Z S TYR Z SITEx.YJ Z
S DZ D Y S DZDYX SITEx.Y Z
S IEEX.YJJSTTEXYIZJ.ESI Z IX.Y 0

ii R X.Y Z RLY.X Z
R X.Y.Z.W ⼀ RLY X Z.W

For the second pant Note that
RLXY f XLYf Y Xf IX Y f 0

0 R X.Y 9 Z.Z
⼆ 专 X Y Z.Z 当Y X c Z Z ⼀ 主 IX Y Z.Z7
DXCDYZ.Zs DYCRZ.Z7 c7ix.is Z Z7
a DRY Z.Z 1不不 Z.Z Dix.Y Z.Z
CDYZ.MXZ DZ.MYZ
R X.Y Z Z R X.Y Z Z

So R X.Y Z W Z W 0

R X.Y.Z.W R X.Y W Z

III
RLX.Y.Z.IN R Y.Z.X.W R Z.X.Y.W

R Y.Z.W.X R Z.X.W.Y
R Z.W.Y.X RW.Y.Z.X RX.W.Z.Y RW.Z.X.Y



2RW.Z.Y.X RLWY.X.Z RIXW.YZI
ZRIW.Z.Y.XI RLY.X.IN.Z

ZRIX.Y.Z.IN 2R Z.W X.Y
R X.Y.Z.W R Z.W X.Y

Ex5
III If ret is a path ferome IEG.ro I

G rat X't

frit X t y it EgG

g Ega g 9 叫 fGca e.es
deltora

q
ETeG

ga TeG 919 la.DE R

ii For p 1 y
e G the coeaesponding left

invariant rector fields are

Xp X247 8 8
X 0 O X

gij xisj is the left invaiiiantmetuig on

Gigx dxxodxtdy dy



iii Note that EX.X2 Xi Ik灯 X2

Tx Xi Xis 认 X X 0

aDxXi X2 ⽴个 xkxi.Xntxcxr.Xis Xuxi.Xis
c.X.TK X2 cXi IXz.X
ex TX Xi

0

DxX 0

CTXX2 Xi X.clz.Xi7 cXz DiXp
0Nx.X2X27 iXicXr.Xrs 0

DX2 0

c TxXi Xi 主Xrcxi.Xi 0
CDrXiXu i X2 IX 灯 Xi Eh.Xz Xi IXzX

⽴ 1 1 1
TxzxiXr.MN2 Xi7 XzcXz.X.s CXL.DxzXi1cDXz.X20

Txzk ⼆Xi
We use the Kossul formula I Proved in HWZEX9

iv Kip Xi X2 R Xi.X2 X2 X
⼆ CR7xrXr TxzTMXz Ttxi.xnX2 lt
1

Kcp 三 1


