
 Ex I Cayley transform
Write B H as subsets of C x.y xty
Consider F Z1 I 竼
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Thus we define

F 1B H x y 心 uity IF望yr
F is defined by FYz 㠭 HI 1B
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FIZ I 竼 0 Z 1 B F is injective on B

wEH E e i E B st Fiz i IǙi w F is surjective

For下 with no singularities in B it is indeed smooth
Similar care for F
Now F is a smooth diffeomorphism B H
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Thus F preserves the metrics

EX2
11 q 10 DE R Ifp lx.y.s.tlER4s.t.Icpq.x2ty0 y s2 t2 I
If 10.1 ER is not a regular value of 更pEIiqss.t.clIp nyyi ǎ i not surjective

rank dIp c2 zxlzy.tl 2x 4xs 4xt 25 2t 0
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which is a contradiction to zx 2y 1 2ㄨ 4xy 0

pEIiqs.pisauegulaeepoint.q.co 1 is a

uegalae value

2 更Yo11 is a smooth submanifold of 1124 of dim 2
smooth immersion 2 西 0， 1 1124 Set smooth projection

p R4 R3

1x.y.s.t I x.S 七

Then p02 I 0 D S E R3 S x.s.t 1x4 5 t2 13
1 is regular value of x4 s t S is smooth submanifold

of 1123 p02 is diffeomorphism sime

4 S 更Yo 1
1x.S.t 1 x x S七

is also smooth theinverse map
Now only need to construct the diffeomorphism
from Stu s

S x4sit 1 2 a4b c2 13
x.s.t 心 X dir 本x2

s
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These maps are smooth

Ex3
If F is smooth submersion N RR F is open map
FLN open N compact F continuous FIN compact

FINEIRR FIN 的 closed FLN FIN IRR
This gives the contradiction



Ex4
11 Connectedness

p.q ER IN 讣 Ep.altiisapathfaomptoq.tt 0.1
By Whitney Approximation then there is a smooth

aoweCpiqltlhomotopei.toEpqct
From Tuansnersulity Homotopy them Cpqlt smooth

is transverse to N homotopietocp.att
Cpq 0 p Cp.q l q dim Nt dim Cpq m 2cm

N n Cp.qlto.is Cpa ERMIN

121 Simply connectedness

If c.lt Cult aue two loops E R IN his.t

hsltlhomotopys.t.hut C hi Cz.IR is simply connected

With similar discussion me can peutuukh.to make 让
smooth intersect N biansuensally

dimN 2 m 1 cm dim Rm
Surface h n N IR IN 方 simply connected

EX5
11 The fixed points of ro aue N 10.0， 1 S 10.0 1

xcoso ysi.no x ix y 10.01
xsino ycoso y

A 10.0.1 N consider stereographic projection一

Tr 515 R I x y.z 1 lǐz 在z
TorooJi IR R

roriiunoirolnn.in 点恐品
Toroo ji'lu ucos0 vsino.us in0 Vcos0
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If I is the eigenvalue cos0 1

2 sino 0 contradiction to 0 2kt
A S 0.0 D T N IR oil x.y.z ǐz Iz
riiu.oi.lu恐 1 nr n.n
il.r.oroooiiu.nofucoso vsino.us in0 Vcos0 Similar case
In sum N S are non degenerate

As subspacesofVxv TF ntersects A transversally iff
TF A Vx V
From linear algebra

dim PF A dim IPF dim A 一 dim F n A
So PF A V V if dim I A n F 0

AATF 10.0 3
Flo o if o 0 I is not an eigenvalue of F

2 If p is a fixed point of F consider the local
coordinate 4 U.V pE U M V open in R
WLOG set V as an open ball B centered at 0
and 4p 0

Then f 40F 4 B B
Define g f Id B B.ge0 41p 0 0

Since F is Lefschetz det dg10 0 g is a local
diffeomorphism near 0 small neighbourhood of 0
uis.t.gmapsuidiffeomouphically.to gun
Thatgives the fact that p is the only fixed point



n ii Un Indeed if qe4iu 7 Fiqi
q.qtp.gl41914197 4191 0 包

Sofar we have proved that all fixed points of Face
isolated The compactness of M completes the proof

3 With the computation in 11

det o d Ida cos0 1 sino 0 0 zkn

Llro 2

EX6
11 Consider the map F Mznxzn11R H HEMznxznlR H HE0
F A AJ.AT Jo Then Splzn FIO
dFA B tlt F AttB

tlt AttB J AttB BJoAT AJoBT
BJoAT

LBJoATEHAJ.ATJo is invertible JoAT is invertible
dFA Minton R H is surjective AE FIO
Fio Sp2n is a submanifold

12 AESplzn7 TS.pl2n Ker dFA
dim1Splzn dim Minxin IR 一 dim H

4m 7M恐 nlzn.tl

EX下
p.q ENixNz.peNi q EN r local chaatlfi.Ui.li neaeep
14r.lh.Vrlnealeqs.t 4 lu n Ni x EVieRM'lxn.tn Xm o

421UrnNr XEVz RMYxn.tl Xm o



Take Uixlh as a neighbourhood of p.qi in RM'xIRM
4 U x Ur V.xli Rm.im

lyixyr 1 1 4ily 421427

4 p.q 4 p 921917 4 is homeomorphism from llixlh.to V xV2
Yi Ui x Un n Ni xNv 4 Unx Ni x th UzxN27
X EU xV2ㄈR.mxRM'E1RMtm2lXniti XmiXmitnzti Xmtmz 0

Ni x Ni is a submanifold of Rmtm of dimension nitnz

EX8
117 Take chant 4 Ui.vi near p L4 U2V2 near Fcp s.t

FLU E U2
d into Fo 4 141p d4 Fcp dFip 0d4 Yip Tip V ToFipV2
dFcp is an isomorphism dlnt0 F0 4 141p is an isomorphism

from TipiV ER to TcFapV2 ERM
From Inverse Functionthem in the Euclidean space
40F04 is a diffeomorphism near Yip that is
neighborhoods of Yepii Xiㄈ Vii of 41Fcp Yiㄈ k s.t

40下04 is a diffeomorphism from X lo Yi
Take Ū 4 xil.li2 4 1Y7 F 4 40F04 04 is a

diffeomorphism faomui.to 1k

12 If F is an immersion from s lo R p E

d后 T 一 TR is injective
dim n dim R dFp is an isomorphism pes
From 117 F is locally diffeomorphism F is an openmap
FI 的 both closed and open n R
F1 IR contradiction to compactness of
continuity of F
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EX9
By definition

下爻 Xi Xk α1F X F XR
α uvdutzwdu vdw.FXXE.si IR2
F艾录 X1F 录 α1y录 2x录 3录

y.x3y 2x 213xty 3.1 x2

x
2 9x2 4xy

政 录 α 区1影 α x录 0录 I 录
x x3y I 1 x2
xy x

F爻 x y 9x 4xy dxtlxy x dy

EX10
11 Fix.y iu.ru.w le cos x.eYsinx.eyi.GR
F 1 sinxeY.cosxeY 0

F 3y 1cosxeY.sinxeY ēy
If lu.no.w ESr lo e ē到 r2
Note that e e 2 FISrcoi 中 for redΣ
TipSr10 is perpendicular to the position vector of q Fcp
that is ecosx.eYsinx.ee
Tp R is spanned by 录寻
So tomake F transitive to Sno in R only need to
require Fx1录 and F 录 not to beperpendicular
to lecosx.esinx e simultaneously

c Fx录 leYcosx.ee inx e Y 71123
二 sinxcosxe cosxsinxe到 o 0

We need 0 c Fx1前 leYcosx.ee inx e Y R3
e e Y



e _ē 0 y 0 r di
In sum F 的 transverse to Sros for all
positive r 1Σ

127 From11 for rtdi.FI Srlo is an embedded

submanifold of R
For r di e e Y y 0

XER.FISilo ix y ER2 y 0 is exactly an embedded
submanifold of IR
So r positive FYSrcon is an embedded submanifold
of R


