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LHS DixY f DxDYf DYDxf D
Take X Xi E Y YiE gi DxYi DYXi
Need to show

⼀ DgEi f giE f fEPLTM



Dx DYiEi f DyEi YIEi f

XjE YI EiIf I XjYi E È f
DYDxf Yj E Xi E f YjXi E'E f

Dix.ㄚ f D ⼆XjE YIEiIf I Yj E Xi E f
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since gi DxYi D.cli XjEiYi YjE Xi
The proof is done
For X L y x o Y 0 8 y
gi 0 Z 1 Z
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g3 X O X
X.Y ix y z 1 Z 0 x

Ex3
1 ㄒ ㄨ For 0 4 ET 0 4E 0셈 2T
X 录 X2 录 donot have any zeno's
Explanation
For torus in 1R
x Rtrcoso cos4 Then 录 is
y Rtrsin0 SinY l rsinocosyi rsinosinlf.rcos0DZrsiuo
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12 Consider stereographic projection
5 1 N R2 N 10.0.1
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door in录 p
⼆ 烈录 ⼗ ǒu录
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Xq dliilrilqnlnl.qESRIYNI.de
oil5219 vi uiln 2u.vn录 qe51953

By X is well defined on 519N3 n 1953
is smooth on 1Smoothness from local coordinate

Now 录 0 Xq 0 qe 519N
For q N u v 0 from the calculation

Xq 0
So X E RT with only one zero

EX4
For 3 Ix.y.Z.w x2y2 21W2 1

Xi y录 x哥 w录 2录
Xu 2录 w哥 x孨 y录
Xs w录⼀新 y孨 x录

Check Xie PIT 3 note n lx.ry.z.no is normal vector

y
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Zxtwytxz yw 0 smoothness is obvious
wx_zytyztxw 0
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aX p bXup cXsp 0

Take Y aXicp bXup CX3P
Y.Y akxi.X.stbtcxz.XzstcisX3 X37 to
XiXi.Xs are pairwise orthogonal at each point
atb2 c2 0 包
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Ex5
w EW consider bilinear map

fz U x V U V DW
lu 0 1 u U w

By theuniversalproperty homomorphism

Yz U V u V W
st.MXV ft

t
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Thenconsider
年 u V xW U VDW

x v071 Ywlx
his bilinearmap by theuniversal property again

4 u V W U V DW
u V W I u 10 w

Similarly construct homomorphism

4 U V W U V W
u 10 w 1 lu 0 W

404 ⼆ Idu v w 404⼆ Idu v W

So Y 4 are isomorphisms satisfying the condition

Ex6
If laij has rank I BE GL n s.t
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If xisdewmposable.net
x i x i ei Īiygfj
⼆ 哥 xiyjlifg.Note Se fjh is a basis of V W

aig ⼆ Xi等⼩

lkyi.yml.laj
0crank aig rank yi yml 1 Nontrivial x

rankcaij I
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EXERTM xEM Xix JX ix are always
linear independent since Jx Id
NJ X.JX IX JX J T JX.JX JT X_X JX X

0

NJ X.X IX V7 JTJX.X JIX.JXI EJX.TV 0

dm Ʃ dùn M 2 x dun TxM 2

NJ三 0 J integrable

Ex9 Levi Civita connection
Pnoue.by direct calculation noute c gc for shout

XY.ZERTMI.gl成1Z DxY.Z
PXKY.Z Y.DZ7
PXCCY.ZD CY.DZXtTX.ES

XCY.ZD CY.DZX LY IX Z 7
PX cY.Z ZcY.X aDzY.X Y IX Z
XKYZ ZCY.X7tcTZ.YJ.XztcDYZ.X7 CY.IX.ES
PXKYZ ZCY.X7tcTZ.YJ.XztYCZ.X7 CZ.MX CY IX Z

XKYZ ZCY.X7tcTZ.YJ.XztYCZ.X7 cZ.TKY Z Y.X
So we have proved ⼀CY IX Z
2 DxY.Z XKYZ ZCY.X7tYCZ.X7tcTZ.YJ.X7 CZ.IY.XJ7

CY.IX.ES
XKY.Z YKZ.X ZCXY X Y.z CY Z.X77 cZ IX⻔
The connection is decided uniquely by gl
satisfies i 2 ii



Ex10
11 In local coordinate DF g 瑟录

ginF.X g录xkgjk ⼆ 淼如统
x 装 Dx 下 DxF

So DF satisfies the condition

If Y ㄚ家 s.t.gl Y.X Dx F

gijY义 X發 XERTM gijY 装

gijyigik gik Y g⻔禁 Y g⻔禁录
whichgives uniqueness

12 Consider the directional derivative
DDFF g 瑟录 F g 淼装

⼆ IDFlg 0

gi is positive definite gil is positive definite
DDFF 0 F is non decreasing along 吓

137 Only needs to calculate gro 920
x rcoso y rsino

录 発录 哥哥 cosoaxtsinoty

表⼆是录 装哥 rsinoaxtrcosozy
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goo.rsinotrcosō ⼆ r guo ⼆ 16 品

g 6 只 吓 ⼆ 哥录⼗ in装


